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Abstract

Dual-nu Support Vector Machine (SVM) is an effective method in pattern recog-
nition and target detection. It offers competitive performance in detection and com-
putation with traditional classifiers. In this paper, we show that the Dual-nu SVM
is capable of achieving classification performance for binary classification no worse
than other types of Support Vector Machines, including C-SVM and nu-SVM. We
investigate the use of Dual-nu SVM in multi-class image recognition using the winner-
takes-all rejection strategy. Performance of Dual-nu SVM on a 60,000-element training
set and 10,000-element test set handwritten digit recognition problem is analysed.

1 Introduction

The Support Vector Machine (SVM) is a supervised learning paradigm that has found im-
portant applications in image classifications [11, 4]. It implements structural risk minimi-
sation, which is a learning principle that attempts to minimise the error and the complexity
of the decision function [15, 1]. The SVM minimises classification errors by maximising
the margin between the two classes in a feature space induced by a kernel, and minimising
complexity by using least training points to support the decision hyperplane. Hence, the
complexity of the SVM solution is proportional to the number of support vectors.

Training an SVM from the implementation point of view is equivalent to solving a
linearly constrained quadratic programming problem. Its objective function consists of
the width of the margin 2/||w|| and an error penalty term, and is constrained by a box
constraint and an equality constraint. The setting of the error penalty in the objective
function is based on trial and error, which requires additional time consuming training.
In many applications, prior knowledge such as the detection rate required is available. It
is advantageous to incorporate such prior knowledge into SVMs to give improved perfor-
mance in generalisation and computation. One such SVM is the v-SVM [14]. It provides
a bound on the selection of the error penalty and reduces the need to test many different
error penalty values to find the optimal one. The incorporation of prior knowledge can
be pursued further for training dataset with uneven class size, commonly found in target
detection applications and multi-class image recognition problems. Dual-v SVM [2] is
designed to not only reduce the complexity of error penalty selection, but also to match
performance in detection and computation with other types of SVMs and other traditional
classifiers.



The purpose of this paper is twofold. We show analytically that indeed Dual-v SVM
(2v-SVM) is capable of achieving no worse classification performance for binary classifi-
cation than other types of support vector machines, including C-SVM and v-SVM, while
reducing the computational requirements. The problem of multi-class image recognition
using 2v-SVM is investigated. We use the winner-takes-all rejection strategy as it is simple
to implement and yet effective in classification performance. Due to the one-against-rest
training dataset, the use of dual error parameters in 2v-SVM provides better control in
the training. Performance of 2v-SVM on a 60,000-element training set and 10,000-element
test set handwritten digit recognition problem is analysed.

2 Support Vector Machine Formulation

The Support Vector Machine is an implementation of structured risk minimisation [15,
1]. The SVM is first trained with a dataset with each data point having one of two
classification labels: positive (4+1) and negative (—1). The training dataset can therefore
be divided into the positive class and the negative class. The original SVM formulation
(which is commonly termed C-SVM) requires an error penalty C' parameter to train the
machine. This parameter is essentially set by trial and error for each problem, and requires
additional time consuming training. The parameter selection process involves training
multiple SVMs with different error parameters until an optimal classifier is obtained. The
introduction of ¥-SVM partially overcomes the unintuitive selection of the error parameter
by replacing the parameter with v. The parameter v is in effect the bounds on the
classification error, and can be set based on the error rate of the first iteration 2v-SVM.
The optimal »-SVM can be found after two or three iterations while C-SVM normally
requires many more iterations.

Both C-SVM and v-SVM utilise a single error parameter to weigh the costs of errors
with the width of the decision margin. In cases where the numbers of training data for
each class of a problem are different (e.g. positive-negative class ratio of 1:2, 10:1), the
decision boundary would be biased towards the class with less training data. The result is
a classifier that makes more classification errors in that class. A more general formulation
for both types of SVM have been introduced with class biasing: 2C-SVM [4] and 2v-SVM
[2]. We will briefly discuss these two types of SVMs in this section, and the relationship
between these SVMs in the following section.

2.1 Dual-C Support Vector Machines

The formulation of C-SVM was first introduced in [1]. The original C-SVM formulation
includes a single error parameter C' as a regularisation factor between the width of the
margin and the total distance of each error from the margin. The change to two error
parameters, one for each class, improves the capability of the SVM to be able to incorpo-
rate classification biasing, with only a simple change in the formulation. Thus, 2C-SVM
[4] introduces C; and C_ as the error parameters for the positive and negative classes
respectively. 2C-SVM is a more general formulation than C-SVM, and we can return to
C-SVM by setting C,. =C_ =C.

Consider a set of I data vectors {x;,y;}, with x; € R%, y; € +1,—1,4=1,...,1, where
x; is the i-th data vector that belongs to a binary class y;. We seek the hyperplane that
best separates the two classes with the widest margin while minimising the cost of errors
governed by the error parameters C'y,C_ > 0. The maximal margin hyperplane problem
is formulated in the following primal problem:
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The function ® : R* — R™ is a mapping function from the data space to the feature space
to provide generalisation for the decision function that may be a non-linear function of the
training data. The vector w € R is the normal vector of the hyperplane in the feature
space, b is the offset of the decision hyperplane, and &; are slack variables to relax the
constraint for non-separable problems.

The problem is equivalent to maximising the margin 2/||w||, while minimising the cost
of the errors ) C;&;. The margins are defined by w - ®(x) + b = £1.

The 2C-SVM training problem can be formulated as a Wolfe dual Lagrangian problem
[4]. The Wolfe dual Lagrangian is explained by [6]. The present problem involves:

Problem (Dac).
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where a; are the Lagrange multipliers, and K(-,-) is the kernel function
K(xi,x5) = ®(xi) - (x;). (8)

The resulting decision variables «; define the decision hyperplane that seperates the
feature space into the positive and negative classes. The decision function is

f(z) = sen <Z iy K (x4, %) + b) - 9)

The decision variables or Lagrange multipliers «; can be thought of as the weights to the
training vectors that support the decision hyperplane. As such, the corresponding training
vectors are termed as follows:

Remark 2.1. Training data vectors, x;, with corresponding decision variables c; > 0 are
termed support vectors (SVs), and support vectors with a; = C; are additionally termed
bounded support vectors (BSVs).

The number of SVs and BSVs for a problem forms the basis for error parameter
selection in 2v-SVM.



2.2 Dual-v Support Vector Machines

The formulation of v-SVM was first introduced in [14] to simplify the selection of the error
parameter. The error parameter was changed from C, which ranges from 0 to infinity,
to v, which ranges between 0 and 1. The parameter v sets the bounds on the number
of support vectors as well as bounded support vectors, such that (ratio of BSV) < v <
(ratio of SV). The parameter C varies greatly in different classification problems, requiring
many iterations to determine the optimal parameter, while we have found that v can be
set at 0.1 in most cases for the first iteration. However, v-SVM again only has one error
parameter, and can be extended to dual errors to allow more flexibility in the training
process. Dual-v also overcomes the limitation and restriction of ¥-SVM when the training
class sizes are not similar [7].

In the Dual-v formulation [3], we introduce vy and v_ (to replace C; and C_ in
2C-SVM) as the error parameters of training for the positive and negative classes respec-
tively.

Again consider a set of [ data vectors {x;,v;}, with x; € R%, y; € +1,—1,i=1,...,1,
where x; is the i-th data vector that belongs to a binary class y;. The 2v-SVM primal
formulation, with the error parameters 0 < v, ,v_ <1, is:

Problem (Py,).
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p is the position of the margins as defined by w - x +b = +p, and [ and [_ are the
numbers of training points for the positive and negative classes respectively. The problem
is now equivalent to maximising the margin 2/||w||, while minimising the position of the
margins +p and the cost of the errors C;&;, where w is the normal vector and b is the bias,
describing the hyperplane, and &; is the slack variable for classification errors.

Remark 2.2. The original v-SVM formulation by [14] can be derived from 2v-SVM by
letting v = "é’ﬁl and v_ = ”Q‘le where Vo 18 the error parameter of v-SVM. If the
training class size is balanced, that is L = [_, it follows that vy = v_ = vy, which shows

the similarity of the two formulations.




The 2v-SVM training problem (P5,) can be formulated as a Wolfe dual Lagrangian
problem [2]:

Problem (Dy,).
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where i,j € 1,...,l, a; are the Lagrange multipliers, and K (-, -) is the kernel function (8).
In solving the 2v-SVM problem, constraint (21) can be simplified from an inequality
to an equality as follows:

Proposition 2.3. The optimal solution of Problem (Ds, ) results in
Z o = . (22)
i

Proof. 1t can be seen that ). «; > v cannot form the optimal solution as the objective
function can be maximised further by decreasing «;. O

Remark 2.4. A similar equality result as Proposition 2.8 exists in v-SVM, and is dis-
cussed in [14).

Remark 2.5. It can be seen in Problem (P,) that we have made ), C; =1 as a result
of normalising the solution and simplifying the formulation. The sum can be found from
the definitions (16) and (17) as well as (15):

v v

o O = 4+ = . 2
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3 Relationship between 2r-SVM and 2C-SVM

The newer 2v-SVM formulation is not as widely used as the more proven 2C-SVM. How-
ever, the use of 2v-SVM will result in the same classifier as with 2C-SVM, without the
difficulty in selecting the error parameter. The differences in error parameters between
2v-SVM and 2C-SVM are indeed not without relations. The two types of machines can
result in the same optimal solution to a problem with the proper setting of the corre-
sponding error parameters as we will show below. With 2v-SVMs, the easier selection of
vs simplifies the error parameters search, as compared to 2C-SVMs, and thus can result
in better performing SVMs.

Note that in this section, we shall denote the variables to the optimal solution of a
2C-SVM with the superscript C, and of a 2v-SVM with the superscript v.



3.1 Relating 2v to 2C

An optimal solution to 2v-SVM has a corresponding optimal solution in 2C-SVM.

Proposition 3.1. If{w", b, £, p”} with the corresponding {a¥} is an optimal solution to
a 2v-SVM  given the error parameters vy and v_, then {w® b% ¢} where w& = w" /p?,
C=0v"/p", &8 =&Y /p” with {af'} = {a¥ /p"} is an optimal solution to the corresponding
2C-SVM, with error parameters

oy = [ <1+Z—j)}_1,

c. = [,o”l, <1+Z—;>rl.

Proof. Consider the primal formulation of 2v-SVM where the optimal solution {w", b”,
¥, p”} minimises the objective function (10). Lemma 3.2 given below states that the

(24)

solution is also the optimiser of
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subject to vp = vp”, where CV is given by C} and C_ using Equation (14). The last
constraint becomes p = p” and removes p as an optimising variable. However, the 2C-SVM
formulation requires the margins to lie at +1, or p = 1. We can change the feature space
by dividing by p”, and have w’ = w/p”, b/ = b/p”, & = &;/p” and CF = C¥/p”, to get

2
{wr,r}g/ng}g\lvvl ZC% (26)
subject to
yilw' - @ (x;) + 0] > 1-¢, (27)
P> 00, (28)
p/p” = 1 (29)

This is exactly the 20-SVM Primal Problem, and thus the 20-SVM solution is {w, b, ¢}
where w& = w" /p¥, bC = b /p¥, £ = €V /p”. Note that C¥, and thus Equations (15)—(17),
are also divided by p” to give the 2C-SVM error parameters C'y and C_. The normal

of the hyperplane w is the combination of all the vectors weighted by «a; [2]. Since w is
scaled by p”, both C} and o} are also be scaled by p”. The Dual 2C-SVM solution is thus

{a¥} = {a¥/p"}. 0
Lemma 3.2. Consider the optimisation problem of the form

min {a(x) +b(x)}

subject to  g(x) >0, h(x) =0. (30)
If x* is a feasible optimiser of (30), y = x* is also a feasible optimiser of
min (b))}
subject to  g(y) >0, h(y) =0,
a(y) = a(x”). (31)

Proof. Let y be the optimiser of (31), such that b(y) < b(x*), and a(y) = a(x*). Therefore
a(y) +b(y) < a(x") +b(x"),

which contradicts the initial condition that x* is the optimiser of (30). Thus y = x* is
also a feasible minimiser of b(x’) in (31). O



3.2 Relating 2C to 2v

Similarly, an optimal solution to 2C-SVM has a corresponding optimal solution in 2v-SVM.

Proposition 3.3. If {w® 0% ¢} with the corresponding {a$'} is an optimal solution
to a 2C-SVM given the error parameters Cy and C_, then {w",b" &, p"} where p¥ =
(IL.Cy +1-C )Y and w” = p'wC, bV = p"bC, & = p’¢¢ with {a¥} = {p’al'} is an
optimal solution to the corresponding 2v-SVM, with error parameters

_ Xof

vy = 2C1 1040 (32)
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Proof. Consider the dual formulation of 2C-SVM where the optimal solution {w ¢, %, £¢}
maximises the objective function (18). Lemma 3.4 given below states that the solution is
also the optimiser of

max ! Z a0y K (%4, %) (33)
{ai} 2 i

subject to >, a; = >, af, where CY is given by C and C_ using Equation (14). The
last constraint becomes equal to the new v after some scaling. However, the 2v-SVM
formulation requires the sum of C; to be equal to one (Remark 2.5). This requirement is
met by dividing the Dual space by 3, C¢ = 1,Cy +1_C_. Ifwelet p¥ = (I.C; +1-C_)~!
and have o, = p’a;, C¥ = p”CZC and v =p" ) . a®, we get

(2

1
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subject to
0 < o < Y, (35)

Z@;‘yi = 0, (36)

This is exactly the 2v-SVM Dual Problem, and thus the 2v-SVM solution is {a}} =
{p”af}. Returning to the Primal variables, the normal w is the combination of all the
vectors weighted by «; [2]. The transformation from 2C-SVM to 2v-SVM scaled «; by
p”, the normal w should be similarly scaled. The same argument follows for the other

optimising variables. The 2v-SVM error parameters are calculated from C} and v using
Equations (15)—(17). O

Lemma 3.4. Consider the optimisation problem of the form

max {a(x) +b(x)}

subject to  g(x) >0, h(x) =0. (38)
If x* is a feasible optimiser of (38), y = x* is also a feasible optimiser of
max (b))

subject to  ¢(y) >0, h(y) =0,
a(y) = a(x"). (39)



Proof. The proof is obtained from Lemma 3.2 by minimising [—a(x) — b(x)] and [—b(x)]
for the two objective functions.
U

With Propositions 3.1 and 3.3, we have shown that if an optimal solution exists in one
formulation of SVMs, a corresponding optimal solution also exists in the other formulation.
Therefore, one formulation can do no worse than the other formulation, provided the
correct error parameters have been chosen. However, the search for the optimal error
parameters for a problem is difficult and time consuming. 2v-SVM improves on the search
by providing a more intuitive error parameter model, thus resulting in simpler search and
selection, and reduce overall training times.

Remark 3.5. The decision functions for 2C-SVM (fac) and 2v-SVM  (fa,) are related
as well, with

foo(x) = fau(x)/p". (40)

4 Using 2v-SVMs for Multi-Class Problems

The SVM is a binary classifier. There are strategies that use binary classifiers to classify
multiple classes like for multi-class classification or recognition. The strategies involve
using multiple binary classifiers to form one multi-class classifier. A few of these strategies
[13, Chapter 7.6] are one-against-one, one-against-rest and error correcting code. We shall
briefly describe each of these strategies.

e The one-against-one (or pairwise) strategy splits the n-class problem into (n—1)n/2
binary class subproblems by creating a binary classifier for every single pair of classes.
In testing, a test data point belongs to the class that has been classified into the
most, in all the binary classifiers.

e The one-against-rest (or winner-takes-all) strategy takes each class and trains a
classifier against the rest of the classes. This requires n binary classifiers. This
strategy uses a slightly different decision function of the SVM without the sgn()
function, as the distance from the decision hyperplane is used. A test data point
belongs to the class whose classifier decision is most positive in value.

e The error correcting code strategy relies on the principles of error correcting code
to relieve the cost of misclassification of each binary classifier. As with data error
correcting codes, a misclassification in one binary classifier does not necessarily result
in a misclassification in the end. Using more binary classifiers to build the overall
classifier would produce higher performance when individual binary classifiers have
high misclassifications. This strategy is more complex as it requires more analysis
into the optimal code to use, while not necessarily improving much on classification
performance especially when the problem does not have high misclassification rates.
The code uses at least log, n binary classifiers, and more classifiers are required as
the misclassification rates of individual classifiers are found to be high.

We have found that the one-against-rest strategy provides comparable classification
performance while being easy to implement. However, as the training set for each binary
classifier involves one class (usually set as positive class) against the rest of the classes,
the ratio of data points in each class would be 1: (n—1). The uneven ratio causes biasing
effect that can be corrected using dual error parameter SVMs like 2v-SVM.
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Figure 1: Computation times of 2C-SVM and 2v-SVM for one error parameter value

There is currently ongoing research into multi-class SVMs with multi-class objective
functions such as [10, 8]. These SVM formulations still follow the same principle as C-SVM,
and would benefit with the change to multiple v error parameters.

5 Results

We have selected the one-against-rest strategy for its simple implementation and good
classification performance. The strategy’s use of unbalanced training class sizes can easily
be handled with 2v-SVM.

The MNIST handwritten digit recognition dataset [9] is the primary source we use
for comparisons between 2C-SVM and 2v-SVM. The dataset is widely used in pattern
recognition research and has many results published that can be compared with. The
dataset has ten handwritten digits (0-9) digitised into 28 x 28-pixel images, in 60,000
training images and 10,000 test images.

The purpose of this exercise is to compare the results obtained by [12] using C-SVM,
with the newer 2v-SVM. It was expected that 2v-SVM would provide an easier error
parameter selection, as compared to 2C-SVM, and hopefully improve the classification
performance as well. Thus we used the parameters in [12] as our starting point, with the
radial basis function kernel of width 15.0 and error parameter C' = 10.

The training were performed on a Pentium 4 2.2GHz PC with 1GB of RAM, using
the algorithms in [5] for 2C-SVMs and 2v-SVMs. Figure 1 shows the computational time
required for training each SVM to classify one digit against the rest. It shows that 2v-SVM
takes about 20% more time to train, compared to 2C-SVM. The figure, however, does not
show the process and time required to determine the optimal error parameter to use.

Figure 2 shows the classification performance for different values of the error parame-
ters. The process to search for the optimal C' to use normally involves searching from a
large value and decreasing C' until the optimal classification performance is found. Fig-
ure 2a shows four trainings iterations, C' = 103,102, 10 and 1, are required before C' = 10
is found to be the best compromise between classification performance and generalisation.
The error parameter C' does not have an upper limit and the range to use varies from
problem to problem, therefore it is difficult to determine the right value to start searching
from. We could have started from C' = 10° and taken 2 more trainings iterations, or we
could have started from C' = 10 and taken only 2 iterations. The starting search value for
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Figure 2: Classification performance for (a) C-SVM and (b) 2v-SVM for various values
of the error parameters C and v

Table 1: Classification performance comparison

Classification Performance for Digit (%)
SVM o] 1] 2] 3] 4] 5] 6] 7] 8] 9] Overal
2OSVM ] 99.3 ] 98.4 ] 98.4 | 984 | 98.4 | 99.0] 97.7 | 98.6 | 97.2 | 99.3 98.5
2vSVAL | 99.3 | 98.4 | 98.3 | 98.5 [ 98.3 | 98.7 [ 98.0 | 98.5 [ 97.4 [ 99.2 98.5

2v-SVM is easier to define and is valid for most applications. We start the search from
v = 0.1 downwards. From the first training with v = 0.1, we found that the training error
was 0%, and the test error was about 2%. Thus we trained using v = 0.01, which is the
optimal error parameter to use (Figure 2b). Therefore, only two iterations were required:
v = 0.1 and 0.01.

Table 1 shows the test performance using 2C-SVM and 2v-SVM, both having similar
performance. Overall, 2v-SVMs are easier to train as the optimal error parameter can
be found with fewer number of training iterations compared to 2C-SVMs, while provid-
ing similar classification performances. The total training time required for 2v-SVM is
therefore less than for 2C-SVM.

6 Conclusion

The SVM binary classifier compares well with traditional classifiers as well as newer clas-
sifiers [9]. We have shown that 2v-SVM is easier to use, and results in competetive clas-
sification performance in both binary and multi-class classification. 2v-SVM allows easier
selection of the error parameter vs, while can do no worse than 2C-SVM in classification
performance.

The relationship between the solutions of 2v-SVM and 2C-SVM have been derived,
and shows that the two formulations can and do result in the same solution. The relation-
ship allows us to use 2v-SVM with its simplier error parameter v while having the same
performance as 2C-SVM.
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