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ABSTRACT

Training of SVMs for real world classification problems has shown to be
computationally expensive to meet certain time constraint. »-SVM is an extension
to the original SVM that reduces the complexity of error parameter selection
effectively. However, a particular criterion that only appears in »~-SVMs requires
the decision variables to be non-zero at the start of the optimisation such that the
total sum of the variables is greater or equal to v. We propose an efficient approach
based on decomposition methods to initialising the decision variables that does not
require more computation costs, and also reduces the training time and
computation costs.

1 INTRODUCTION

Support Vector Machine (SVM) is a classification paradigm based on statistical learning [1][10] that
has been promising in real world applications. The setting of the error penalty in the original SVM
formulation is mainly by trial and error, which requires additional time consuming training. This
shortcoming is partially improved with the formulation of 1-SVM by Schélkopf et al. [9]. The more
general formulation of Dual »~-SVM [3] provides better performance when the training class sizes are
different, or when the required class error rates are not the same.

The training of an SVM involves solving a quadratic programming problem. With any
numerical optimisation, there is a starting point where the algorithm initially searches the path to the
optimal point. In most cases, the decision variables are set to zero. However, in v»-SVM, setting the
decision variables to zero will result a constraint being violated. The decision variables have to be
initialised before the maximisation process can proceed. The simplest method of initialising the
variables is to randomly select variables to change until the initialisation constrain is met. Additional
training iterations are required to change the values of these variables to zero which can take the bulk
of the training time.

We propose a novel approach to initialising the decision variables that not only does not require
more computation costs but also reduces the training time and computation costs. Sections 2 and 3 go
into more details on »~SVMs and the training method, and section 4 introduces the iterative process
involved in the optimisation. Sections 5 and 6 describe the implementation issues and results, and we
conclude with section 7.

2 DUAL v~SUPPORT VECTOR MACHINES

Consider a set of / data vectors {xi,yi}, with x; € R y; € {+ 1, — 1}, i=1,...,1, where x; is the i-th
data vector that belongs to a binary class y;. We seek the hyperplane that best separates the two classes
with the widest margin. More specifically, we search for the hyperplane

w-®(x)+5=0, 6]
subject to

yi(w-o(x,)+0)2 p-¢;, @

620, (3)



to minimise
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where @ is a mapping function from the data space to the feature space to generate non-linear SVMs.

This is equivalent to maximising the margin 2/||w||, while minimising the cost of the errors
C, (vp - 5,.), where w is the normal vector and b is the bias, describing the hyperplane, and & is the

slack variable for classification errors. The margins are defined by w-x+b=1p.

Let v. (respectively, 1) be the error parameters given to the optimisation for the positive
(respectively, negative) class, and [, (respectively, /=) be the number of training points for the positive
(respectively, negative) class. Denoting the error penalty as

C,, y;=+I1
Ci _ + Yi (5)
c., y,=-1
we derive the parameters for solving the quadratic programming problem
- 1-1
C, = 1{1 +"—+] : (6)
V_ .
- -1
C. = 1_[1 +V—-] , @)
2
V= V+ V_ . (8)
vV, +V_

This formulation is called Dual »-SVM.
Note that the original »~-SVM formulation by Scholkopf can be derived from Dual »-SVM by

. vi vi
letting v, =—— and v_=—+.
21, 21
The corresponding dual Lagrangian to maximise is
1
maX{LD E_EZaiajyiyjKij} )
i,J
subject to
0<a, <C;, (10)
Z a;y; =0, (11)
da;zv. (12)

K is the kernel function which is the dot (pro)duct of the mapped data such that
X;).

K; =K(x;,x;)=(x,)- @ (13)

In solving the dual Lagrangian, the constraint (12) becomes an equality [9]. This means we can replace
the constraint with an equality during the optimisation process:

Ya,=v. (14)

The training procedure for an SVM requires the maximisation of a quadratic function, Lp, and is
a computationally complex optimisation task, as the training set is usually large, and can be more than
10,000 points. We will be concentrating on a decomposition method that is widely used in SVM
training [2][6][7][8][9]. The decomposition method breaks the problem down into smaller problems
that can be solved analytically, using a search method such as the steepest descent method [4].

The decision variables need to be initialised, such that the constraints (10), (11) and (14) are
satisfied. The simplest method involves choosing a number of training points, and setting the
corresponding decision variable to their upper bound, a;= C; until the constraints are met. The



selection of training points to update is not systematic, and usually involves selecting the first » points
in the training set, until the constraints are satisfied. This method of initialising the decision variables
is used in most of the available 1~SVM software packages. The resulting initial set of ¢; that have been
updated, would mostly not be one of the support vectors in the trained SVMs, thus increasing the
optimisation time to change a; = 0. The next two sections define an iterative process for selecting the
training points to update, to obtain the initial optimisation set.

3 TRAINING v-SVM USING AN ITERATIVE PROCESS

Consider the Lagrangian of »~-SVMs (9). In the iterative optimisation process, the k-th iteration of the
Lagrangian is denoted as

F® = Flg,®,a,®,...,a,")=- Za 2,4, 9,K {as)

This can be rewritten to bring out the a, components of the function to give

1
=__ za ymy”Km" _a}’(k)y}’ zam(k)ymK}'m _Ea}’(k)a}’(k)y;fy}'KW '(16)
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As only one variable is updated, we can derive the change in F using the substitutions
(k+1) _ (k) (k+1)
=a, +y 757 ’
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a,-(k+l):ai(k)’ i=1...1,i+y, (17)
for some change, 5, (k1) , and we have the objective function at iteration (k+1)

AF}/(kH) _ Fy(k+l) _Fy(k) 5 (")yyza oK, __( k))zK (18)

This is derived from (16) with
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We will use (18) to derive the starting set of variables for the optimiser where the constraints (10),
(11) and (12), of the SVM training problem are all satisfied.
4  INITIALISING THE DECISION VARIABLES

In maximising the objective function Lp, the decision variables, ¢;, have to be initialised to satisfy
constraint (12). The casiest way to meet the constraint is to randomly select data points and setting



n= |_vl—| decision variables to their upper bound, a; = C;, termed bounded vectors, until the constraint
is satisfied. This method does not require any computational effort, but as the variables are chosen
randomly, the probability that these variables are part of the set of support vectors is low, resulting in
longer training time. Indeed, the probability function is

(m Cx ) ) ((l—m) C(n—x))
lCn

n( C ) C
m, n,l)= z (m x) ((l—m) (n—x))
x=X ! C
where x is the number of bounded vectors that are part of m support vectors in the final trained SVM,
and n =[vI | is the number of bounded vectors. For example,

: (10 Cx)' (40 C(lO—x))

0
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n

=0.20%.

4.1 Iterative selection process

We propose an iterative selection process to select the decision variable to update a; = C;, that increase
the odds of the chosen variables being support vectors, while reducing the total computational
requirements for training the SVM. We define two mutually exclusive sets for each iteration & as

N ={i‘ o™ :O,z':l,...,l} 1)

B® :{i‘ a® >0,i:1,...,l}. (22)
Starting at k= 0, we set

o =0,i=1,.,1, (23)
and we have

NO ={1,...1}, B9 ={}, AR, =0, (24)

The index y, of the decision variable that is updated, changes at each iteration, and will now be

denoted as }/(’”1). At iteration (k+1), we find in N ®) the point }/(’”l) that gives the maximum change
in the objective function F. The corresponding decision variable is updated as
a 7(k+l)(k+l) =C () - (25)

4

It is clear from (23) and (25), that the decision variables, ¢;, can only be 0 or C;, and that the

change in a,, J,, can only be C,. It follows that y(k”) can be found from the change of the

V4 2
objective function (18) as

max {AF (k+1) (k+1) }
y(k+l) V) Y
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The process is repeated until constraint (12) has been satisfied.

4.2 Addition constraints for iterative process

The above process does not take into account constraint (11) which requires the sum of the decision
variables to be equal for each training class. By combining (11) and (14), these two constraints are
reduced to

o= o= 27

{i‘yi=+1} {i‘yi=_1} 2
Note that (14) is more stringent than (12), which means that meeting (14) is a sufficient condition for
(12). In order to exclude the class that has met criteria (27), the selection process is changed by

incorporating an additional constraint in the set N ® 1o



N'W® a/l.(k)zo’ z a.(k)<z,i=1,...,l . (28)
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The selection process for ¥

ﬁﬁﬁgﬁn{Aﬁ%“”

The change from N ® o N '(k), in effect, includes the termination condition, and N '®) becomes an
empty set when the termination condition is reached. The change also does not affect the exclusivity

with B®) , as N'® is a subset of N,

(29)

Notice that the additional constraint in N r(k) allows the final result of the decision variables to
be

Ya, 27, (30)
{j ‘)’ j=yi} 2
and thus violating constraint (11). The update equation (25) is changed to overcome the violation to

o (k+l)(k+1) =mi C}'(k”) ,g_ zaj(k) . (31)

4
{j Yy =y7(k+1)}

In effect, the update of the decision variables is C; except for the last update for the class.

At the end of the initialisation process, we obtain the initial training state of the decision
variables that satisfies the constraint imposed on SVM training, with

ntl) _V (ne1) _V
Zai( 1)—_’ Zai =5
{i‘J’i:“} 2 {i‘yi:_l} 2

z ai(n+l) —v, z ai(n+l)yi -0.

i

4.3 Initialisation process algorithm
We now state the initialisation process in the following algorithm:

= Given
xieSRd C,, y;=+1
C =
yi={1-1 C, y=-1
i=1,...,1 Kisz(xi,xj)
= We require the initial state of the decision variables, ¢, ,for training such that
0<ea,<C,
zaiy =0,
dYa, =v.
=  We define the sets
NE=tila®=0, 3 aM<¥ =11}, (32)
Uy} 2

89 ={i|a® > 0,i=1...1f (33)
= Startingatk=0
2 =0, (34)



= While N'®) 2 { },
= find y*7 in N'® with

aX'(k){AF(kH) }

y(k+1 eN'
= c C y K L’k (35)
= L g})&(k) NUEDR M) mgk) mYm iR (), > A Bk ()
= and updating the corresponding decision variable
(k+1) _ . v (k)
(k1) =min Cy(m) » 5 - z a; |, (36)

= uypdate k=k+1.

=  Terminate.

5 IMPLEMENTATION ISSUES

We will discuss the computational requirements of implementing the proposed process, and show that
the process compliments the existing method of iterative training optimisation for SVMs.

5.1 Computation costs of initialising decision variables
Starting with the first iteration, k£ = 0, the search space (32) and criteria (35) are, respectively
NO =4, .1,
AFO = _Leoog
i 2 i ii?
requiring / kernel calculations.

In order to reduce the computational load, we consider

R(k) = yizam(k)ymKim . (37)

The criteria (29) can then be defined in terms of Pi(k) and AFl.(O)
1
AE¥Y — _cy S C y K. —~CK,
1 lyl mgk) mym m 2 1 i

AR ) = ¢ pt) 4 AR ©) (38)

where
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: 39)
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From (39), we observe that the number of kernel calculations at each iteration is only / instead of (k /),

and for n iterations is (n /). At the end of the process ‘B(")

=n, which is the number of non-zero

decision variables.

5.2 Computation costs of training optimisation

The process of iterative training optimisation [2][7] is similar to the proposed initialisation process in
k+1)

4.3, except that a pair of data points ¢(’) and 0¥ , 1s chosen instead of one data point y(
iteration ¢ from

max{Q o) (t)}, min {QH(M)(O}, (40)

¢(¢+1) 0(t+1)

, at each



Dataset Training time (seconds) Training iterations
Kernel | Existing | Proposed | Reduction | Existing | Proposed | Reduction
Face detection
linear 705 600 14.9 % 505 403 20.2 %
polynomial 938 924 1.5% 699 680 2.7%
radial basis function 2448 1739 29.0 % 1899 1321 30.4 %
Target detection
linear 11093 8465 23.7 % 140514 120585 14.2 %
polynomial 32231 31850 1.2% 418125 413070 1.2%
radial basis function 572 464 18.9 % 5259 4033 233 %
Table 1  Training times (in seconds and in iterations) for the existing and the proposed decision
variables initialisation methods
Comparison of existing and proposed methods of initialisation
o 10009 (] OTime
C o e
el 900+ (existing)
®
a 8004 pu
i 7004
a sl BTime
S _ sl (proposed)
3 500411
n
:J’ 40041
-E 30041 Olterations
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£ 20041
£
© 10041
|_
o i — Iterations
e\ e QA [\ a2V ef) (proposed)
wne? o * ¥0: o 3
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Face detection Radar target detection
Figure 1 Comparison of existing and proposed methods of initialising the decision variables
where
Qi(t) =yizam(t)ymKim (41)
m

This means that at £ =0, we need to compute Ql.(o) , for i=1,...,1. Assuming that there are n

non-zero decision variables, as stated in the previous section, there are again (n /) kernel calculations
to be performed.

5.3 Computation overlap

(k)

However, we can see that P’ is equivalent to Qi(’) and more specifically, the last iteration of Pi(k) is

the zero-th iteration of Qi(t), Pi(”) = Ql.(o), since the results of the variable initialisation is used for
starting the training optimisation.
Initially, the computational costs involved in iterative selection process might seem high, but the

costs are in fact less overall, as Qi(o) need not be calculated again. Thus, the proposed process of
initialising the decision variables only requires negligible additional computation.



6 RESULTS

We test the proposed method against the existing method using two datasets. Each dataset is trained
using three different kernels: linear, polynomial, and radial basis functions, with the error parameter
v,=v_=02.

The first dataset is a face detection problem with 1,000 training points, with each point being an
image. The dataset is trained with the linear, the polynomial (degree 5), and the radial basis function
(o =4000) kernels. The second dataset is a radar image vehicle detection problem with 10,000
training points. The dataset is trained with the linear, the polynomial (degree 5), and the radial basis
function (o =256) kernels.

The SVMs are trained using the proposed method of initialising of the decision variables, and is
compared with the existing method. The results are given in Table 1, and plotted in Figure 1. These
results clearly shows that there is an time improvement for all the tested cases.

The radial basis function (RBF) kernels are more complex, and the results show that these
kernels benefit more with the proposed methods. These kernels provides better performing SVMs in
classification and thus require the proposed initialisation method.

7 CONCLUSION

The process of training SVMs is expensive, in terms of computer and memory utilisation as well as the
time it takes. We have proposed a novel process of setting the decision variables to a state that satisfies
all the constraints of »~SVM training,

The proposed process does not only reduce the training optimisation time, it also does not
require significant costs in computing the decision variables, as shown in the results. The cost in
implementing the process is negligible as the method is similar to the training optimisation.

The results are encouraging and more tests would be performed to verify the improvements by
the proposed method with other datasets.
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